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Einstein-Dirac equations for two spinor fields are considered, ft is shown that in this case one can 
obtain self-consistent equations set for these gravitating spinors. The key idea to obtain Einstein- 
. . . Dirac equations is to use special ansatze for spinor fields in order to zero some off-diagonal compo- 

7—i I nentes of the spinor energy - momentum tensor. 
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Vn '. I- INTRODUCTION 

. Sclf-consistcnt solutions of Einstein-Dirac equations arc a term incognita in general relativity. The problem in the 
O ' construction of such solutions in general relativity with a spinor field is that the spinor field has a spin that leads to 
off-diagonal components of the energy-momentum tensor and consequently to an off-diagonal metric. Note that the 
^ ' solutions for a spinor field propagating on a curved background are known (for details, sec Ref. [ij). The cosmological 
solutions with a spinor field are known as well, see Refs. [3l|-[l0|. 

Here we will consider cylindrically symmetric solution in Einstein-Dirac gravity with two noninteracting Weyl spinor 
' fields. We use two spinor fields because in this case one can choose two spinor ansatze in such a way that the off- 
^ , diagonal components of energy-momentum tensor from every spinor field have the opposite sign and consequently will 
OO ' annihilate each other. 
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II. EINSTEIN-DIRAC EQUATIONS 

Our main goal is to find cylindrically symmetric solution for Einstein-Dirac equations 



Rfj^iy - ]j^9i^yR = -^T^i,, (1) 



X 

_C^_: a[;)(,,)g('^)+zmP(=')e(,,)(,,) = (3) 

where i?^^ is the Ricci tensor; R is the scalar curvature; g^^ is the metric; ^.^v ~ 0,1,2,3; T^^i, ~ {Tp)^^, + (Tq)^,^, 
{Tp^Q)fiu arc the energy-momentum for the Weyl spinors P and Q\ c^'^j ■)([,') ^'"'^ Pauli matrixes in a dyad formalism 
in a curve space; (a), (&') = (0), (1) are the dyad indices; p(°\ Q^"^ are two spinors in a dyad representation; P'^°'\ Q^^^ 
are complex conjugated spinors; the Levi-Civita symbols e(c)(6)7 ^{c'){b') and e'-'^^'-''-', e'^'^ ^ are the metrics in the spinor 
space for lowering and raising the spinor indices; m is the mass. The sign ( — ) in the front of RHS of Eq. ^ is chosen 
as in Ref. [l| but it is necessary to check this sign. 

We will use Newman- Penrose formalism for the spinor analysis (for details, see Appendix \K\ . 

We will consider the simplest case to = that leads to: (a) equations for every spinor field P and Q will be 
separated; (b) one can choose ansatze for both spinor fields in such a way that some off-diagonal components of 
the energy-momentum tensor will he zero; (c) equations for every spinor field P and Q will be the same and (d) 
consequently the spinors P and Q will be the same. 
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We seek the solution in the following form: the metric 
the spinors 

p{a) ^ ^tut ^1 ^ , (5) 

Q(") = e'^' ( 92 ) ■ 

Later we will see that a specific choice of qi 2 allows us to kill some off-diagonal components of the spinor energy- 
momentum. 

The null vectors that are necessary to the calculations of i?^^, _R, (t|'^^^j|,^ and so on arc (for details, see Appendix 

El 

/P = -^(e''-^ 0,0,6-''), (7) 
= _L(eA'-,o,0,-e-^), (8) 

= 0,-^e^-^--,— , (9) 

V2 V w w J 



-^0,^e-^-^,^') 
V w w J 



(10) 



The LHS's of Einstein equations ([T|) are 



Goo = + m' -e^^-^, (11) 

Gil = ^i ir^^ (12) 

w Aw 



^ ' w 



e-2^' (^2 ^ ^v^2) ,2 ^ ^4^_2.^2 _ 1 ^ + 3 4^ _ ^wy _ ^Ay\ 

^ ' \wA A, \ V? w ^ J 

G23 = G32 = e- Al. -2^. -- + - +Ae^ i-^ + -e^—-2—-2—+^^ ,(14) 



w 



G33 = e'^-^'^ ( ^" - 2m" + + e^^-"' I -e^^^ - 2^ + ] (15) 



where d{- ■ ■ )/dp = (■ ■ ■ )'. The energy-momentum tensor can be found using (jA12p and ()A25P and it has following 
nonzero off-diagonal components of the energy-momentum for the P spinor: {Tp)o2i {Tp)o3, (1^)23 7^ 0. The same 
for the Q spinor: {Tq)o2, {Tq)o3, (7q)23 7^ 0. The key idea is that if we choose qi = —p2,<l2 = Pi then 

{Tp)o2 = -(Iq)o2, {Tp)o3 = -{Tq)o3 (16) 

and nonzero components are following 

(Tp)23,(rQ)23y^0. (17) 
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Consequently we have following energy-momentum for two spinor fields 
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Finally Dirac equations ^ ^ have the form 



f , Pi w , , 



P2 [ -io + e 



2m 



/ , P2 W 

2 \ w 



PL + V ] + pi \ u) - e 



A_ 

Aw 
A_ 

Aw 



= 0, 
= 0. 
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Appendix A: Newman-Penrose formalism 

The Newman-Penrose formalism can be found in Ref 's [ij • But there are many misprints and confusions between 
dyad (a) and spinor A indices. In this Appendix we follow to Ref 's [J and will try to avoid misprints and confusions. 
Weyl spinors and rj^ of rank 1 are complex vectors in a 2D space (A, A = 0, 1) subject to the transformations 

it = o^^se. (Ai) 

Vt' = B'^^' (A2) 
where A, B, A, B' = 0,1 and a^T3,0!^ „, are complex conjugate matrices with unit determinants 



delays = deta^'3, = 1. (A3) 

The metrics eab , ^A' b' and e^^ , ^ are used for lowering and raising spinor indices 

U = fee A. U'^f'^C'A', (A4) 

e = e^'^ic, i^'=e^'^'^c' (A5) 

At each point of the spacetime one can set up an orthonormal dyad basis (^^,^ with (a), (a') = (0), (1), A, A = 0,1 
for spinors. One can raise and lower dyad indices by e^"^^''\ e^" ^ and e(a)(()): e(a')(&') 

i{a) = &'^'^(c){a), i{a') = i^''"'<^{c'){a'), (A6) 

We can project any spinor on the dyad basis 

C(q)=CaC(1), Cia') = U'Cfa') (A8) 
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TABLE I: The spin coefficients in Newman-Penrose formalism. 



If we introduce null vectors (isotropic tetrad) l^^ ^m^ then we can define the Pauli matrixes in the dyad 

representation in a curve spacetime 



1 



(a)(b') 
{a){b') 



(A9) 
(AlO) 



V2 V 

The Pauli matrices gives us the one-to-one correspondence between 4- vectors and spinor of rank two X'")'^ ' 

(All) 



(a)(6') ' /J ' 



^ '^/i ^(a)(6')' 



(a)(b') 



The covariant derivative of a spinor field is defined as 



where 



1 (a)(b') 

2^ 



^(b)(b')^M'^ + ^A'^(b)(b') 



p(a') _ -p(a) 



where (• • • ) is the complex conjugation. According to (jA12[) one can introduce the covariant derivative V/j, 



(a)(b') 



'(a){b') 



'^ra)(b')^'^- 



One can introduce the spin coefficients with spinor indices only 

r(a)(b)(c)(d') = '^fc)(d')'^(/)('')^M(a)' 



The spin coefficients have following symmetry properties 



(a)(b}{c){d') 



(b)(a)(c)(d') 



r(b')(a')(c')(d) 



r(a')(b')(c')(d)- 



The spin coefficients can be calculated as follows 



(a)(b)(c)(d') 



(A12) 

(A13) 

(A14) 
(A15) 

) 

(A16) 

(A17) 
(A18) 

(A19) 
(A20) 



In the Newman-Penrose formalism, these coefficients are assigned special symbols which are listed in the TablelH These 
definitions of the spin coefficients are in agreement with those defined in terms of the Ricci-rotations coefficients ^abc- 



In order to define the Ricci-rotations coefficients we introduce the tetrad e^^ in following way 



(A21) 



where a = 1, 2, 3, 4 are the tetrad indices. Minkowski metric for Newman-Penrose formaHsm is chosen as 

/ 1 \ 
10 
-1 

Vo -1 y 



For the calculation of the Ricci-rotation coefficients one can introduce Ag^g 



and finally 



The spin coefficients are 



labc — 2 ('^Sbc \cci + ^cab-) 



K. 


= 7311, 


P 


= 7314, 


e = 


\ (7211 


+ 734l), 


a 


= 7313 > 




= 7243, 


7 = 


2 (7212 


+ 7342) , 


A 


= 7244, 


T 


= 7312, 


a = 


\ (7214 


+ 7344) , 


V 


= 7242, 


TT 


= 7241, 


P = 


2 (7213 


+ 7343) ■ 



The Riman tensor is 



^abcd ^abc.d ^ ^abd.c ^ ^baf i^c d ^ d ^ fo.c1\j d ^ fadl^^ g 



with usual definitions for the Ricci tensor i?= 



and scalar curvature 



Rob - R^acb 



R = v'''R-ab- 

The spinor energy-momentum for the spinor Pj^) is given by 

1 



(A22) 



[P{a}^mb')P{a') - P(a')^(b){b')P{a) + P(b)^ ia){a')P{b') ~ P{b' (a) (a' } P{b)] 



(A23) 
(A24) 

(A25) 
(A26) 
(A27) 
(A28) 

(A29) 

(A30) 
(A31) 

(A32) 
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